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Context of supervised learning

The goal is to learn a prediction function f: X — ) given labeled training data
(@i, Yi)i=1,...n With z; in X, and y; in V-

min ZL i, f(i)) +  AQ(S)

regularization

-
empirical risk, data fit

Fal
e

[Vapnik, 1995, Bottou, Curtis, and Nocedal, 2016]...
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Kernel Methods 1/2

In the context of supervised learning with labels in R,

min L(y;, MIFI,.
i nz (s F@s)) + AILFIZ

@ map data z in X to a Hilbert space and work with linear forms:

O X - H and f(z) = (®(x), fHn.

N

H

=

[Shawe-Taylor and Cristianini, 2004, Scholkopf and Smola, 2002]...

()
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Kernel Methods 2/2

In the context of supervised learning with labels in R,

L(y;, f(z; A
min nz (yi, f(2)) + AN

o f(z) = (®(x), f)n but ®(z) may be very high- or infinite-dimensional.
@ then, only manipulate inner-products K (z,2') = (®(z), ®(2))% (kernel trick).
o Alternatively, compute a finite-dimensional approximate embedding f(z) ~ w' ¥ (z);

e regularize with ||.||; (encourages smoothness);
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Kernel Methods 2/2

In the context of supervised learning with labels in R,

L(yi, f(x; A
min nz (i, (i) + NI fI3

o f(z) = (®(x), f)n but ®(z) may be very high- or infinite-dimensional.
@ then, only manipulate inner-products K (z,2') = (®(z), ®(2))% (kernel trick).
o Alternatively, compute a finite-dimensional approximate embedding f(z) ~ w' ¥ (z);

e regularize with ||.||; (encourages smoothness);

If you want to know more (24 hours course)
http://members.cbio.mines-paristech.fr/~jvert/svn/kernelcourse/slides/master2017/
master2017.pdf
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Relation with deep learning?

A functional space viewpoint: kernels for deep networks
@ View deep networks as functions in some functional space;

@ Non-parametric models, natural measures of complexity (e.g., norms);

@ Linearization f(z) = (f, ®(z)) decouples learning f from data representation ®(x).
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Relation with deep learning?

A functional space viewpoint: kernels for deep networks
@ View deep networks as functions in some functional space;
@ Non-parametric models, natural measures of complexity (e.g., norms);
@ Linearization f(z) = (f, ®(z)) decouples learning f from data representation ®(x).

What is an appropriate functional space?

Deep learning for kernels
@ Scalable learning with finite-dimensional embeddings;
@ Deep networks with a geometric interpretation and regularization principles;
@ End-to-end learning with kernels?

How do we proceed?
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Graph Modeling

@ D. Chen, L. Jacob and J. Mairal. Convolutional Kernel Networks for Graph-Structured
Data. International Conference on Machine Learning (ICML). 2020.
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Graph-structured data is everywhere

Propanal (E)(Z)-1-Propenol Acetone
(% : (% g t‘ It
Acetaldehyde Vinyl Alcohol Ethylene Oxide

Aldehyde Enol

(a) molecules

(c) social networks

Julien Mairal

(d) chemical pathways
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Learning graph representations

State-of-the-art models for representing graphs:
e Deep learning for graphs: graph neural networks (GNNs);
o Graph kernels: Weisfeiler-Lehman (WL) graph kernels;
e Hybrid models attempt to bridge both worlds: graph neural tangent kernels (GNTK).
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Learning graph representations

State-of-the-art models for representing graphs:
e Deep learning for graphs: graph neural networks (GNNs);
o Graph kernels: Weisfeiler-Lehman (WL) graph kernels;
e Hybrid models attempt to bridge both worlds: graph neural tangent kernels (GNTK).

Our model:
@ A new type of multilayer graph kernel: more expressive than WL kernels;
@ Learning easy-to-regularize and scalable unsupervised graph representations;

@ Learning supervised graph representations like GNNs.
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Graphs with node attributes

G=V,&a:V—R3

a(u) = [0.3,0.8,0.5]

o A graph is defined as a triplet (V, &, a);
@ V and & correspond to the set of vertices and edges;
@ a:V — R%is a function assigning attributes to each node.
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Graph kernel mappings

\>H

1
-1 5 g
>0 1

1
_ - _A«,:’»GI

| o,
1

e Map each graph G in X to a vector ®(G) in H, which lends itself to learning tasks.
@ A large class of graph kernel mappings can be written in the form

d(G) = Z Ybase(lc(u))  where ppase embeds some local patterns £ (u) to H.

uey

[Shervashidze et al., 2011, Lei et al., 2017, Kriege et al., 2019]
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Graph kernel mappings

-1 5o
e

-——77.
| e,

I/

@ Map each graph G in X’ to a vector ®(G) in H, which lends itself to learning tasks.
@ A large class of graph kernel mappings can be written in the form

G G, <Z @base EG Z Qpbase ZG” )>

uey u' ey’

(@)

(G
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Graph kernel mappings

@ Map each graph G in X’ to a vector ®(G) in H, which lends itself to learning tasks.

@ A large class of graph kernel mappings can be written in the form

G G/ Z Z SDbase EG ‘pbase(gG’(u/)»‘

ueV v/ ey’
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Graph kernel mappings

@ Map each graph G in X’ to a vector ®(G) in H, which lends itself to learning tasks.

@ A large class of graph kernel mappings can be written in the form

K(G, G/) = Z Z "Qbase(eG(u)agG’ (U,/))

ueVu' ey’
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Basic kernels: walk and path kernel mappings

@ Path kernels are more expressive than walk kernels, but less preferred for
computational reasons.
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Basic kernels: walk and path kernel mappings

@ Pir(G,u) := paths of length k£ from node w in G. The k-path mapping is

Ppath (u) = Z 5a(p) — (I)(G) = Z Z (5a(p).
PEPL(G,u) u€V pePy(G,u)
@ a(p): concatenated attributes in p; d: the Dirac function;

e ®(G) can be interpreted as a histogram of paths occurrences;
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A relaxed path kernel

1.0 A 5

0.8 Gaussian
0.6 1

0.4- Ppath (1) = Z Sa(p) ()

0.2 A

0.0 A

B

Issues of the path kernel mapping:
@ 0 allows hard comparison between paths thus only works for discrete attributes;

@ J is not differentiable, which cannot be “optimized” with back-propagation.
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A relaxed path kernel

1.0 5

0.8 1 Gaussian

0.6 1 Ppath (1) = Z Fa(p) (")
PEPL(Gu)

0.4

0.2 — Z —5llalp)—I1*

0.0 1 PEPK(Gu)

B

Issues of the path kernel mapping:
@ ¢ allows hard comparison between paths thus only works for discrete attributes;
@ 0 is not differentiable, which cannot be “optimized” with back-propagation.
Relax it with a “soft” and differentiable mapping
@ interpreted as the sum of Gaussians centered at each path from w.
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One-layer GCKN: a closer look at the relaxed path kernel

@ We define the one-layer GCKN as the relaxed path kernel mapping

pr(u) = > o= Flam)—? 3 grerlalp)) € Ha.

pEPk(G,U) pepk(G7u)

@ This formula can be divided into 3 steps:

o path extraction: enumerating all Py (G, u);
o kernel mapping: evaluating Gaussian embedding ¢rgg of path features;
e path aggregation: aggregating the path embeddings
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One-layer GCKN: a closer look at the relaxed path kernel

@ We define the one-layer GCKN as the relaxed path kernel mapping

pr(u) = > o= Flam)—? 3 grerlalp)) € Ha.

pEPk(G,U) pepk(G7u)

@ This formula can be divided into 3 steps:

o path extraction: enumerating all Py (G, u);
o kernel mapping: evaluating Gaussian embedding ¢rgg of path features;
e path aggregation: aggregating the path embeddings.

@ We obtain a new graph with the same topology but different features

V,€,a) 205 (v, €, 01).
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Construction of one-layer GCKN

W, E,01:V — Hy)

T

path aggregation

path aggregation

kernel mapping

wrpr(a(ps))

wrpr(a(]

path extraction erpr(a(pr))

kernel mapping

Julien Mairal From kernel methods to deep learning
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From one-layer to multilayer GCKN
@ We can repeat applying (path to the new graph

(V,g, ) Wpath (V g S01) L;Opath (V g (’02) Ppath ] ‘Ppath

o Final graph representation at layer j, ®(G) = > ), ¢j(u).
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From one-layer to multilayer GCKN
@ We can repeat applying (path to the new graph

(V,g,a) Sppath (V g S01) L;Opath (V g (’02) Ppath ] ‘Ppath (V g S0])

o Final graph representation at layer j, ®(G) = > ), ¢j(u).

o Why is the multilayer model interesting ?

applying ¢path once can capture paths: GCKN-path;

applying twice can capture subtrees: GCKN-subtree;

applying more times may capture higher-order structures?

Long paths cannot be enumerated due to computational complexity, yet multilayer model
can capture long-range substructures.
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Scalable approximation of Gaussian kernel mapping

ppath(w) = > orer(a(p)).

PEP (G7u)

e prer(a(p)) = e~ 2la®)—I* ¢ 4 is infinite-dimensional;

[Chen et al., 2019a,b, Williams and Seeger, 2001]
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Scalable approximation of Gaussian kernel mapping
©Ppath (1) = Z wrer(a(p)).
pG'Pk(G,u)

e prer(a(p)) = e~ 2a®—1” ¢ % is infinite-dimensional:

e Nystrom provides a finite-dimensional approximation ¥(a(p)) by orthogonally
projecting prpr(a(p)) onto some finite-dimensional subspace:

Span(¢rer(#1), - - -, ¢rRBF(24)) parametrized by Z = {z1,..., 24},

where z; € R can be interpreted as path features.

[Chen et al., 2019a,b, Williams and Seeger, 2001]
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Scalable approximation of Gaussian kernel mapping

©Ppath (1) = Z wrBF(a(p)).

PEPk (G7u)

e prer(a(p)) = e~ 2a®—1” ¢ % is infinite-dimensional:

e Nystrom provides a finite-dimensional approximation ¥(a(p)) by orthogonally
projecting prpr(a(p)) onto some finite-dimensional subspace:

Span(¢rer(#1), - - -, ¢rRBF(24)) parametrized by Z = {z1,..., 24},

where z; € R can be interpreted as path features.
@ The parameters Z can be learned by

o (unsupervised) K-means on the set of path features;
o (supervised) end-to-end learning with back-propagation.

[Chen et al., 2019a,b, Williams and Seeger, 2001]
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Comparison of GCKN and GNN

GCKN VS. GNN
foekn(G) =D i(w) fann(G) = fu(u)
uedG L ue@G
Yr(w) = Y w(ZTZ)72k6(Z Pr-1(p)) few) = Y ReLU(ZT fr_1(v))
pepk (qu) ’UGN(U)
local path aggregation neighborhood aggregation
projection in a known RKHS ?
supervised and unsupervised supervised
Julien Mairal From kernel methods to deep learning
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Experiments on graphs with discrete attributes

MUTAG

PRQTEINS

--- WL subtree

-== GNTK

...... GCN

...... G|N

—— GCKN-path-unsup

—— GCKN-subtree-unsup
GCKN-subtree-sup

Accuracy improvement with
respect to the WL subtree
kernel.

GCKN-path already
outperforms the baselines.

Increasing number of layers
brings larger improvement.

Supervised learning does not
improve performance, but leads
to more compact
representations.

[Shervashidze et al., 2011, Du et al., 2019, Xu et al., 2019, Kipf and Welling, 2017]

Julien Mairal From kernel methods to deep learning
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Experiments on graphs with continuous attributes

ENZYMES

@ Accuracy improvement with
respect to the WWL kernel.

@ Results similar to discrete case.

PROTEINS

o Path features seem presumably
predictive enough.

--- WWL
== GNTK
—— GCKN-path-unsup
—— GCKN-subtree-unsup
GCKN-subtree-sup

BZR

[Du et al., 2019, Togninalli et al., 2019]

Julien Mairal From kernel methods to deep learning 19/107



Model interpretation for Mutagenicity prediction

o ldea: find the minimal connected component that preserves the prediction.

C O Cl H N F

GCKN

[Ying et al., 2019]

Julien Mairal From kernel methods to deep learning
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Take-home messages

@ GCKN is a multilayer kernel for graphs based on paths, which allows to control the
trade-off between computation and expressiveness.

o lts graph representations can be learned in both supervised and unsupervised
fashions. Unsupervised models are easy-to-regularize and scalable.

o A straightforward model interpretation is also provided.
@ Our code is freely available at https://github.com/claying/GCKN.
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Take-home messages

@ GCKN is a multilayer kernel for graphs based on paths, which allows to control the
trade-off between computation and expressiveness.

o lts graph representations can be learned in both supervised and unsupervised
fashions. Unsupervised models are easy-to-regularize and scalable.

o A straightforward model interpretation is also provided.
@ Our code is freely available at https://github.com/claying/GCKN.

Future (on-going) work

e working with real people dealing with real data (protein folding prediction).
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Biological Sequence Modeling

@ D. Chen, L. Jacob and J. Mairal. Recurrent Kernel Networks. Adv. Neural Information
Processing Systems (NeurlPS). 20109.

@ D. Chen, L. Jacob and J. Mairal. Biological Sequence Modeling with Convolutional
Kernel Networks. Bioinformatics. 2019.
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Sequence modeling as a supervised learning problem
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Sequence modeling as a supervised learning problem

o Biological sequences x1, ...z, € X and their associated labels y1, ..., Y.
@ Goal: learning a predictive and interpretable function f: X — R

1
m1n—;L(yi,f($i))+ pQ(f)

feFn
~ regularization

TV
empirical risk, data fit

@ How do we define the functional space F7?

Julien Mairal From kernel methods to deep learning 23/107



String kernels

A classical approach for modeling biological sequences over alphabet A relies on string
kernels.

K(za)= Y 8u(0)du(a) ,

ueAk
where u is a k-mer over an alphabet A and §,(x) can be:
@ the number of occurrences of w in z: spectrum kernel [Leslie et al., 2002];

o the number of occurrences of w in z up to m mismatches: mismatch kernel [Leslie
and Kuang, 2004];

@ the number of occurrences of u in x allowing gaps, with a weight decaying
exponentially with the number of gaps : substring kernel [Lodhi et al., 2002].

What is ®(x)?

It can be interpreted as a histogram of pattern occurences.

Julien Mairal From kernel methods to deep learning
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String kernels

A classical approach for modeling biological sequences over alphabet A relies on string
kernels.

K(z,a') = ) du(@)du(a’) = (2(2), 2(2)),

ueAk
where u is a k-mer over an alphabet A and §,(x) can be:
@ the number of occurrences of w in z: spectrum kernel [Leslie et al., 2002];

o the number of occurrences of w in z up to m mismatches: mismatch kernel [Leslie
and Kuang, 2004];

@ the number of occurrences of u in x allowing gaps, with a weight decaying
exponentially with the number of gaps : substring kernel [Lodhi et al., 2002].

What is ®(x)?

It can be interpreted as a histogram of pattern occurences.
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Convolutional kernel networks for sequence modeling

Define a continuous relaxation of the mismatch kernel [Chen et al., 2019a, Morrow et al.,

2017]

|z|—k+1 |2/ |—k+1
/
Kekn(, ') Z E Ko( ﬂfm+k s T jk])-

one k—mer
@ Use one-hot encoding
A [O0OO0OOT10
Tiq5) = TTGAG — g (1) (1) 8 8 8
G|[0O0OT1O01

e Ky is a Gaussian kernel over one-hot representations of k-mers (in R¥*).
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Convolutional kernel networks for sequence modeling

Define a continuous relaxation of the mismatch kernel [Chen et al., 2019a, Morrow et al.,

2017]

|z|—k+1 |2/ |—k+1
Kcgkn(z, SC Z Z (o x[z z+k]) 900(56[3 g+k})>

one k mer
@ Use one-hot encoding
A [O0OO0OOT10
Tiq5) = TTGAG — g (1) (1) 8 8 8
G|[0O0OT1O01

e Ky is a Gaussian kernel over one-hot representations of k-mers (in R¥*).
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Convolutional kernel networks for sequence modeling

Define a continuous relaxation of the mismatch kernel [Chen et al., 2019a, Morrow et al.,
2017]

| k41 /| —k+1
KCKN(x7xI):< > (@) Y SOO(x/[j:j+k])>'

i=1 j=1
‘1;(;) @E;/)
@ Use one-hot encoding
A [O0OO0OO0OT1O0
T 11000
G |10 0101

o Ky is a Gaussian kernel over one-hot representations of k-mers (in R**?),
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Scalable Approximation of Kernel Mapping (with more details this time)

Ko(u,w') = {po(w), po(u'))ry = (vo(u), Yo(u))ra.
o Nystrom provides a finite-dimensional approximation 1y(u) in R? by orthogonally

projecting o(u) onto some finite-dimensional subspace:

& = Span(po(#1), ..., ¢0(zq)) parametrized by Z = {z1,...,24}.

A

0o () Hilbert space Hg
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Scalable Approximation of Kernel Mapping (with more details this time)

Ko(u, u") = {o(u), po(u))ry = (tho(w), vo(u'))ra.

e Nystrom provides a finite-dimensional approximation vo(u) in R? by orthogonally
projecting o(u) onto some finite-dimensional subspace:

& = Span(po(#1), .. .,¢0(zq)) parametrized by Z = {z1,...,24}.
@ General case:

Yo(u) = [Ko(zi, )], P [Ko(z1,u), . .., Kolzq, w)|T = Ko(Z, Z) Y2 Ko(Z,w).

i

Julien Mairal From kernel methods to deep learning 26/107



Scalable Approximation of Kernel Mapping (with more details this time)

Ko(u, u") = {o(u), po(u))ry = (tho(w), vo(u'))ra.

e Nystrom provides a finite-dimensional approximation 1y(u) in R? by orthogonally
projecting o(u) onto some finite-dimensional subspace:

& = Span(po(#1), .. .,¢0(z¢)) parametrized by Z = {z1,...,24}.
o Case of dot-product kernels Ko(u,u') = k((u, u')):
Yo(u) = K(ZT2)"V2k(Z ).

linear operation - pointwise nonlinearity - linear operation (subject to interpretation)

Ex: k() = %!, polynomial, inverse polynomial, arc-cosine kernels....
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Single-Layer CKN for sequence modeling

¥(x) € RY
() |:| prediction layer

)

kernel mapping approximation
_1
Po(Pi(x) = K, 7Kz(Pi(x))

P;(x) k-mer x(u) € A
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Multilayer CKN for sequence modeling

U(x) € RY |:|

prediction layer

> Y |:| U(x) € R?
prediction layer

J E <W, \I/(X)> .
lf global pooling "\
\
\'\ . /‘I \'\
. pooling .
Yo(PG) R SN
kernel mapping approximation o (P;(x)) € R%

Vo(Pi(x)) = K, 2Kz (Pi(x))

XEX|

P;(x) k-mer

x(u) € A

Julien Mairal

Pi(x) k-mer
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How to learn the anchor points Z7

with no supervision?
we learn one layer at a time, starting from the bottom one.

@ we extract a large number—say 100 000 k-mers from the previous layer computed on
a sequence database;

@ perform a K-means algorithm to learn the anchor points;

e compute the projection matrix x(Z"Z)~/? (case of a dot-product kernel).
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How to learn the anchor points Z7

with no supervision?
we learn one layer at a time, starting from the bottom one.

@ we extract a large number—say 100 000 k-mers from the previous layer computed on
a sequence database;

@ perform a K-means algorithm to learn the anchor points;

e compute the projection matrix x(Z"Z)~/? (case of a dot-product kernel).

with supervision?
@ by using back-propagation on a supervised loss function;

e all it requires is differentiating x(Z " Z)~1/2 which requires an eigenvalue decomposition;
@ use the unsupervised learning procedure as initialization.
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From k-mers to gapped k-mers

k-mers with gaps
o For a sequence x = x1 ...z, € X of length n and a sequence of ordered indices
i=(i1,...,1%) in I(k,n), we define a k-substring as:

'7:[1] = Ty Lijy - - - Ljy, -
@ We introduce the quantity
gaps(i) = number of gaps in index sequence.

o Example: x = ABRACADABRA

i=(4,5,8,9,11) xp3) = RADAR  gaps(i) = 3.

Julien Mairal From kernel methods to deep learning
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Recurrent kernel networks

Comparing all the k-mers between a pair of sequences (single layer models)

|z|—k+1 |z'|—k+1
Kckn(z, 96 Z Z Ko (l'”+k] l’[j j+k})

@ The kernel mapping is ®(z) = Elxl A 0 (Tizitk))-
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Recurrent kernel networks

Comparing all the gapped k-mers between a pair of sequences (single layer models)

KRKN m :L’ Z Z /\gaps i )\gaps( )K() ( H,x’m> .

icl(k,|z|) jeI(k,|2’|)

@ The kernel mapping is ®(z) = Eiel(k’,|x|) )\gaps(i)goo(:n[i]).
@ This is a differentiable relaxation of the substring kernel.

But enumerating all possible substrings is costly...
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Approximation and recursive computation of RKN

Approximate feature map of RKN kernel
The approximate feature map of Krkn via Nystrom approximation is

\If(x) = Z )\gaps(i)wo(w[i]) S Rq,
icI(k,t)

where, as usual with a dot-product kernel, 9g(z};) = /@(ZTZ)_l/Q/@(ZTa:m).
@ The sum can be computed by using dynamic programming [Lodhi et al., 2002],

@ which leads to a particular recurrent neural network [see Lei et al., 2017].
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A feature map for the single-layer RKN

When K is a Gaussian kernel, the feature map of RKN is a mixture of Gaussians centered
at x};), weighted by the corresponding penalization A&2Ps(i).

/\2900(%]) |:| S Agap(i><p0(x[i]) |:|

pooling

g e [ R

i1 1y i3 14 /\gap(i)(p()(w[i])
onedmerofe| | | [ J [} <[ P[] [] |
i1 G2 A iz A g ISR SR S E D W 7
k-mer kernel embedding one-layer RKN

Figure: Example of Kgrkn for k=4
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Results

Protein fold classification on SCOP 2.06 [Hou et al., 2017] (using more informative
sequence features including PSSM, secondary structure and solvent accessibility)

Method gParams Accuracy Level-stratified accuracy (topl/top5)
topl topb family superfamily fold
PSI-BLAST - 84.53 86.48 82.20/84.50 86.90/88.40 18.90/35.100
DeepSF 920k 73.00 90.25 75.87/91.77 72.23/90.08 51.35/67.57
CKN (128 filters) 211k 76.30 92.17 83.30/94.22 74.03/91.83  43.78/67.03
CKN (512 filters) 843k 84.11 9429 90.24/95.77 82.33/94.20 45.41/69.19
RKN (128 filters) 211k 77.82 92.89 76.91/93.13 78.56/92.98  60.54/83.78
RKN (512 filters) 843k  85.29 94.95 84.31/94.80 85.99/95.22 71.35/84.86

Note: More experiments with statistical tests have been conducted in our paper.

[Hou et al., 2017, Chen et al., 2019a]
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Logos, by finding pre-image of each filter
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Results

Protein fold recognition on SCOP 1.67 (widely used in the past)

Method pooling one-hot BLOSUMG62
auROC auROCK0 auROC auROCHK0

SVM-pairwise 0.724 0.359

Mismatch 0.814 0.467

LA-kernel - - 0.834 0.504
LSTM 0.830 0.566 - -
CKN 0.837 0.572 0.866 0.621
RKN mean 0.829 0.541 0.840 0.571
RKN max 0.844 0.587 0.871 0.629

RKN (unsup) mean  0.805 0504 0833 0570

[Liao and Noble, 2003, Leslie et al., 2003, Vert et al., 2004, Hochreiter et al., 2007, Chen et al., 2019a]
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Take-home messages

@ CKN and RKNs are multilayer kernels for sequences, achieving state-of-the-art results

for biological sequence modeling (see other tasks in papers).
@ RKN is able to model gaps with a recurrent neural network structure.

@ These models can be used without supervision, providing effective, but
high-dimensional embeddings.

@ With supervision, models trained with backpropagation are much more compact.

o For biological sequences, best results were obtained with a single layer.
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Take-home messages

@ CKN and RKNs are multilayer kernels for sequences, achieving state-of-the-art results

for biological sequence modeling (see other tasks in papers).
@ RKN is able to model gaps with a recurrent neural network structure.

@ These models can be used without supervision, providing effective, but
high-dimensional embeddings.

@ With supervision, models trained with backpropagation are much more compact.

o For biological sequences, best results were obtained with a single layer.

Our code in Pytorch is freely available at
https://gitlab.inria.fr/dchen/CKN-seq
https://github.com/claying/RKN
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Image Modeling

o J. Mairal. End-to-End Kernel Learning with Supervised Convolutional Kernel Networks.
Adv. Neural Information Processing Systems (NIPS), 2016.

e J. Mairal, P. Koniusz, Z. Harchaoui and C. Schmid. Convolutional Kernel Networks.
Adv. Neural Information Processing Systems (NIPS). 2014.
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Construction of the RKHS for continuous signals

Initial map zq in L2(£2, Ho)
xo : © — Ho: continuous input signal, with Q = R?: location (d = 2 for images).
e zo(u) € Ho: input value at location u (Ho = R? for RGB images).
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Building map zy in L2(2, Hy,) from xp_y in L*(Q, Hy1)

xk :  — Hp: feature map at layer k
Pk.’L'kfl.

@ P.: patch extraction operator, extract small patch of feature map x;_1 around each
point u (Pgxxr_1(u) is a patch centered at u).
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Building map zy in L2(2, Hy,) from xp_y in L*(Q, Hy1)

xk :  — Hp: feature map at layer k
T — AkMkPk.’L'kfl.

@ P.: patch extraction operator, extract small patch of feature map x;_1 around each
point u (Pgxxr_1(u) is a patch centered at u).

@ Mj: non-linear mapping operator, maps each patch to a new Hilbert space H; with a
pointwise non-linear function ¢y(+).

e Ai: (linear) pooling operator at scale oy.
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Construction of the RKHS for continuous signals

zg Q= Hy xr(w) € Hy
linear pooling

Tpos:Q— Hy Zp-0.5(v) = pr(Prar-1(v)) € Hi

kernel mapping

Pyxy-1(v) € Py, (patch extraction)

Tr-1 (u) € Hi Trp1: 92— Hipa
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Construction of the RKHS for continuous signals

Kernel mapping for patches
@ We use a homogeneous dot-product kernel for image patches

K (2 ') = |2l 2 |% <||<||||>||) |

Multilayer representation

<I>n(x) =AM, P,Apn 1 Mp_1Pp—1 -+ A1M1Pizg € LZ(Q,%n)

@ oy grows exponentially in practice (i.e., fixed with subsampling).
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Construction of the RKHS for continuous signals

Kernel mapping for patches
@ We use a homogeneous dot-product kernel for image patches

(2,2
K(z2) = |21 ]n ( |
e
Multilayer representation

<I>n(x) =AM, P,Apn 1 Mp_1Pp—1 -+ A1M1Pizg € LZ(Q,%n)
@ oy grows exponentially in practice (i.e., fixed with subsampling).

Prediction layer

e e.g., linear f(z) = (w, P, (x)).
o ‘“linear kernel” K(z,2) = (P, (x) = Jo(@n(u), z}, (u))du.
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Convolutional Kernel Networks in practice

li li
Hnear poolng ©1(2) Hilbert space H1

Y1(2)

ection on Fy Al

Learning mechanism of CKNs between layers 0 and 1.
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Convolutional Kernel Networks in Practice

What is the difference with a CNN?
o Given a patch , a CNN computes Yonn(z) = 0(Z ') (+batch norm?)
o Given a patch z, a CKN computes Yoy (z) = ||z||k(ZT 2)"V2k(Z 7 z/||z|)).
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Convolutional Kernel Networks in Practice

What is the difference with a CNN?

o Given a patch , a CNN computes Yonn(z) = 0(Z ') (+batch norm?)
o Given a patch z, a CKN computes Yoy (z) = ||z||k(ZT 2)"V2k(Z 7 z/||z|)).

Consequences
@ we have a geometric interpretation in terms of subspace learning.
@ it provides unsupervised learning mechanisms (kernel approximation with Nystrom).
o supervised learning is still feasible (backpropagating through x(Z 7 Z)~1/2 is fun).
@ the kernel interpretation provides regularization mechanisms.

@ kernel representations can possibly be used in other contexts (statistical testing? kernel
PCA? CCA? K-means?).

Julien Mairal From kernel methods to deep learning 43/107



Experiments

@ Briefly state-of-the-art for image retrieval [Paulin et al., 2015];

o Briefly state-of-the-art for image super-resolution [Mairal, 2016a];

Interesting findings from CIFAR-10

@ about 92% with supervision, mild data augmentation, 14 layers, 256 anchor points per
layers (no need for batch norm, vanilla SGD4+momentum).

@ about 86% with no supervision for a two-layer model with a huge number of anchor
points (1024-16384) and no data augmentation.

@ with no supervision, the performance monotonically increases with the dimension
(better kernel approximation).

@ computing the exact kernel does not make sense in practice for computational reasons,
but it is feasible with lots of CPUs; it yields about 90% with three layers (unpublished,
by A. Bietti), which is consistent with [Shankar et al., 2020].
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Take-home messages

@ unsupervised representations are shallow and high-dimensional;
@ supervised representations may be deep and compact;

@ Qur code is freely available at
https://gitlab.inria.fr/mairal/ckn-cudnn-matlab.

e and https://github.com/claying/CKN-Pytorch-image.
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Take-home messages

@ unsupervised representations are shallow and high-dimensional;
@ supervised representations may be deep and compact;

@ Qur code is freely available at
https://gitlab.inria.fr/mairal/ckn-cudnn-matlab.

e and https://github.com/claying/CKN-Pytorch-image.

Open
@ how to close the gap between the approximate embedding and the exact kernel?
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Theory for Deep Learning Models

o A. Bietti and J. Mairal. On the Inductive Bias of Neural Tangent Kernels. Adv. Neural
Information Processing Systems (NeurlPS). 2019.

@ A. Bietti and J. Mairal. Group Invariance, Stability to Deformations, and Complexity of
Deep Convolutional Representations. Journal of Machine Learning Research (JMLR).
2019.
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Kernels for deep models: deep kernel machines
Hierarchical kernels [Cho and Saul, 2009]

@ Kernels can be constructed hierarchically
K(z,2) = (2(z), ®(z')) with &(z) = p2(p1(2))
o e.g., dot-product kernels on the sphere

K(z,2") = ma((p1(2), 1(2'))) = ka(k1(z2'))
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Kernels for deep models: deep kernel machines

Convolutional kernels networks (CKNs) for images [Mairal et al., 2014, Mairal, 2016b]

x = A M Prrg 0 Q — Hy fﬂk.(ll,') = AR M. Pyxy l(U,‘) € Hy

linear pooling

My Pray1 Q0 — Hy My Przp1(v) = @r(Prar-1(v)) € Hi

non-linear mapping

Pyx1(v) € Pr (patch extraction)

L1 (u) € Hi Tp1:Q — Hiq

e Good empirical performance with tractable approximations (Nystrém)
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Kernels for deep models: infinite-width networks

fo(z) = \/%va(wjx), m — 0o
=1

Random feature kernels [RF, Neal, 1996, Rahimi and Recht, 2007]
e 0 = (v;);, fixed random weights w; ~ N (0, 1)

Krp(z,2') = B n(0,1) [a(wTw)U(wTaz')]
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Kernels for deep models: infinite-width networks

1 m
folw) = —=> wvio(wjz), m— o0
Vi 2
Random feature kernels [RF, Neal, 1996, Rahimi and Recht, 2007]
e 0 = (v;);, fixed random weights w; ~ N (0, 1)
Krp(z,2') = B n(0,1) [a(wa)U(wa')]
Neural tangent kernels [NTK, Jacot et al., 2018]

o 0 = (v, w;);, initialization 6y ~ N(0,I)
e Lazy training [Chizat et al., 2019]: 6 stays close to 6y when training with large m

fo(x) = fo,(x) + (0 — 0o, Vo fo(z)]o=0,)-
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Kernels for deep models: infinite-width networks

1 m
fow) = —=> wvio(w/z), m— o0
v 2
Random feature kernels [RF, Neal, 1996, Rahimi and Recht, 2007]
e 0 = (v;);, fixed random weights w; ~ N (0, 1)
Krp(z,2') = B n(0,1) [a(wTw)U(wT:p')]
Neural tangent kernels [NTK, Jacot et al., 2018]

o 0 = (v, w;);, initialization 6y ~ N(0,I)
e Lazy training [Chizat et al., 2019]: 6 stays close to 6y when training with large m

fo(x) = fo,(x) + (0 — b0, Vo fo(x)lo=6,)-
o Gradient descent for m — oo & kernel ridge regression with neural tangent kernel

(Vo fo, (), Vo fo,(z'))
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Other relations between kernels and deep learning

o hierarchical kernel descriptors [Bo et al., 2011];

other multilayer models [Bouvrie et al., 2009, Montavon et al., 2011, Anselmi et al.,
2015];

deep Gaussian processes [Damianou and Lawrence, 2013].
multilayer PCA [Scholkopf et al., 1998].

old kernels for images [Scholkopf, 1997], related to one-layer CKN.
RBF networks [Broomhead and Lowe, 1988].
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Objectives

Deep convolutional signal representations
o Are they stable to deformations?
@ How can we achieve invariance to transformation groups?

@ Do they preserve signal information?

Learning aspects
e Building a functional space for CNNs (or similar objects).

@ Deriving a measure of model complexity.

C3t1, maps 16@10x10
g%g %m\?mm S4:1. maps 16@5x5

‘ ! | Full connectian Gaussian connectians

Canvalutions L Canveluti Full
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Focus on convolutional kernel networks (CKNs)

What is the relation?
@ it is possible to design functional spaces H for deep neural networks [Mairal, 2016b].

f((l?) = Uk(WkUk—1<Wk—1 NN UQ(WQUl(Wlx)) .. )) = <f, (I)(zL')>H

e we call the construction “convolutional kernel networks” (in short, replace
u+— o({a,u)) by a kernel mapping u +— @i (u).

Why do we care?

@ &(x) is related to the network architecture and is independent of training data. Is
it stable? Does it lose signal information?
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Focus on convolutional kernel networks (CKNs)

What is the relation?
@ it is possible to design functional spaces H for deep neural networks [Mairal, 2016b].

f((l?) = Uk(WkUk—1<Wk—1 NN UQ(WQUl(Wlx)) .. )) = <f, (I)(zL')>H

e we call the construction “convolutional kernel networks” (in short, replace
u+— o({a,u)) by a kernel mapping u +— @i (u).

Why do we care?

@ &(x) is related to the network architecture and is independent of training data. Is
it stable? Does it lose signal information?

@ f is a predictive model. Can we control its stability?
f() = f@)] < If Il @(z) — @(2) ]2
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Summary of the results from Bietti and Mairal [2019a]

Multi-layer construction of the RKHS H
@ Contains CNNs with smooth homogeneous activations functions.
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Multi-layer construction of the RKHS H
@ Contains CNNs with smooth homogeneous activations functions.

Signal representation: Conditions for
@ Signal preservation of the multi-layer kernel mapping ©.
o Stability to deformations and non-expansiveness for ®.

o Constructions to achieve group invariance.
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Summary of the results from Bietti and Mairal [2019a]

Multi-layer construction of the RKHS H
@ Contains CNNs with smooth homogeneous activations functions.

Signal representation: Conditions for
@ Signal preservation of the multi-layer kernel mapping ©.
o Stability to deformations and non-expansiveness for ®.

o Constructions to achieve group invariance.

On learning

@ Bounds on the RKHS norm ||.|| to control stability and generalization of a
predictive model f.

(@) = f@D] < I f @) — @(2")l2.
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Smooth homogeneous activations functions
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Recap: Construction of the RKHS for continuous signals

Initial map zq in L2(£2, Ho)
xo : © — Ho: continuous input signal, with Q = R?: location (d = 2 for images).
e zo(u) € Ho: input value at location u (Ho = R? for RGB images).

Building map zy in L2(2, Hy,) from xp_y in L*(Q, Hy1)

xk :  — Hp: feature map at layer k

@ P.: patch extraction operator, extract small patch of feature map x;_1 around each
point u (Pgxxr_1(u) is a patch centered at u).

@ Mj: non-linear mapping operator, maps each patch to a new Hilbert space H; with a
pointwise non-linear function ¢(+).

e Aj: (linear) pooling operator at scale oy.
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e zo(u) € Ho: input value at location u (Ho = R? for RGB images).

Building map zy in L2(2, Hy,) from xp_y in L*(Q, Hy1)

xk :  — Hp: feature map at layer k
T — AkMkPk.’L'kfl.

@ P.: patch extraction operator, extract small patch of feature map x;_, around each
point u (Pgxxr_1(u) is a patch centered at u).
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Construction of the RKHS for continuous signals

zg Q= Hy xr(w) € Hy
linear pooling

Tro5: Q2 — Hy T10.5(0) = @k (Prrr1(v)) € Hi

kernel mapping

Pyxy-1(v) € Py, (patch extraction)

Tr-1 (u) € Hi Trp1: 92— Hipa
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Construction of the RKHS for continuous signals

Multilayer representation
®,(x) = ApM,PyAy 1My 1Py - AAM{Pizg € L*(Q,Hy).

@ oy grows exponentially in practice (i.e., fixed with subsampling).
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Construction of the RKHS for continuous signals

Multilayer representation

®,(x) = ApM,PyAy 1My 1Py - AAM{Pizg € L*(Q,Hy).

@ oy grows exponentially in practice (i.e., fixed with subsampling).

Prediction layer

e e.g., linear f(z) = (w, P, (x)).
o “linear kernel” K(z,2’) = (Ppn(z), @n(2')) = [o(@n(u), z], (u))du.
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Patch extraction operator P

Pyrp_g(u) == (xp-1(u + v))yes, € Pr = H,ffl

Py (v) € Pr (patch extraction)

.’l’;,,.,l(u) € Hi Th-1 - Q— Hi-1
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Patch extraction operator P

Pyrp_g(u) == (xp-1(u + v))yes, € Pr = H,ffl

@ Sy patch shape, e.g. box
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Non-linear mapping operator M;,

Mkkak_l(u) = gok(Pk:ck_l(u)) S /Hk

M Prxpq1:Q — Hy My Pray (U) = @i(Prxr-1(v)) € Hy

non-linear mapping

Prxiq (U) € Py
Tp1:Q — Hi
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Non-linear mapping operator M;,

MkPka:k_l(u) = cpk(Pk:ck_l(u)) S Hk
Kernel mapping of homogeneous dot-product kernels:

(2,7)

}(k(273® ::“ZHHZW“WC<HZHHZW‘> ::<¢k(z)’¢k(zﬂ>'

kp(u) = 322 bju! with b; >0, ki(1) =1

Examples

0 Fexp((2,2')) = €)1 (Gaussian kernel on the sphere)

o Hinv—poly(<z’ Z,>) = 27(z,2)
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Pooling operator Ay

xp(u) = A My Prag—q (u) = y he, (w — v) My Pexg—1 (v)dv € Hy,

xp = ApMPrxy 2 Q — Hy zp(w) = A My Py 1 (w) € Hy

linear pooling

My Prxpq: Q— Hy
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Pooling operator Ay

xp(u) = A My Prag—q (u) = y he, (w — v) My Pexg—1 (v)dv € Hy,

@ hg,: pooling filter at scale oy,
® hy, (u) := ak_dh(u/ak) with h(u) Gaussian
o linear, non-expansive operator: ||A;|| <1
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Pooling operator Ay

xp(u) = A My Prag—q (u) = y he, (w — v) My Pexg—1 (v)dv € Hy,

he,: pooling filter at scale oy,
he, (u) := ak_dh(u/ak) with h(u) Gaussian
linear, non-expansive operator: ||A;| <1

In practice: discretization, sampling at resolution o}, after pooling

“Preserves information” when subsampling < patch size
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Recap: Pk, Mk., Ak

zp: Q — Hy z(w) € Hy,
linear pooling

Tpo.5: Q2 — Hg T-0.5(v) = p(Pezi-1(v)) € He
kernel mapping

Pray-1(v) € Py (patch extraction)

Tk 1(U) S H},; 1 Th-1 * Q— Hk—l
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Stability to deformations

Deformations
o 7:Q — Q: Cl-diffeomorphism
o L,x(u) =x(u—7(u)): action operator

@ Much richer group of transformations than translations

KRS Y aqbyyygn
55555555 6¢
77172717777
2355¢438C8 &

o Studied for wavelet-based scattering transform [Mallat, 2012, Bruna and Mallat, 2013]
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Stability to deformations
Deformations
o 7:Q — Q: Cl-diffeomorphism
o L;x(u) = z(u— 7(u)): action operator

@ Much richer group of transformations than translations

Definition of stability
@ Representation ®(-) is stable [Mallat, 2012] if:

|®(Lrz) = @(2)]| < (C1l[VTloo + ColIloo) ]

0 ||VT|loo =sup, ||V7(u)|| controls deformation
@ ||7]|co = sup, |7(u)| controls translation

@ (9 — 0: translation invariance
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Smoothness and stability with kernels

Geometry of the kernel mapping: f(z) = (f, ®(z))

[f () = @) < £l - [@(2) — () [l

@ || fll3 controls complexity of the model

e &(x) encodes CNN architecture independently of the model (smoothness, invariance,
stability to deformations)
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Smoothness and stability with kernels

Geometry of the kernel mapping: f(z) = (f, ®(z))

[f () = @) < £l - [@(2) — () [l

@ || fll3 controls complexity of the model

e &(x) encodes CNN architecture independently of the model (smoothness, invariance,
stability to deformations)

Useful kernels in practice:
e Convolutional kernel networks [CKNs, Mairal, 2016b] with efficient approximations

o Extends to neural tangent kernels [NTKs, Jacot et al., 2018] of infinitely wide
CNNs [Bietti and Mairal, 2019b]
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Recap: multilayer construction
Multilayer representation

®(z0) = AnMyPyAy 1My 1Py_y --- AYM 1 Pizg € L*(Q,H,).

e S, oy, grow exponentially in practice (i.e., fixed with subsampling).
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Recap: multilayer construction
Multilayer representation

®(z0) = AnMyPyAy 1My 1Py_y --- AYM 1 Pizg € L*(Q,H,).

e S, oy, grow exponentially in practice (i.e., fixed with subsampling).

Assumption on z
@ xo is typically a discrete signal aquired with physical device.

@ Natural assumption: zg = Agx, with x the original continuous signal, Ag local
integrator with scale o (anti-aliasing).
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Recap: multilayer construction
Multilayer representation

®(z0) = AnMyPyAy 1My 1Py_y --- AYM 1 Pizg € L*(Q,H,).

e S, oy, grow exponentially in practice (i.e., fixed with subsampling).

Assumption on z
@ xo is typically a discrete signal aquired with physical device.

@ Natural assumption: zg = Agx, with x the original continuous signal, Ag local
integrator with scale o (anti-aliasing).

Final kernel

Kegn(z,2') = (9(2), <I>(:U')>L2(Q) = /Q(xn(u),w;l(u»du

Julien Mairal From kernel methods to deep learning
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Warmup: translation invariance

Representation

(I)n(l') é AnMnPnAn_lM _1P -1 A1M1P1A0:L'.

How to achieve translation invariance?

e Translation: L.x(u) = z(u — ¢).
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Warmup: translation invariance

Representation
(I)n(l') é AnMnPnAn_lM _1P -1 A1M1P1A0:L'.

How to achieve translation invariance?
e Translation: L.x(u) = z(u — ¢).

e Equivariance - all operators commute with L.: OL. = L ..

[®n(Lex) — Pp(z)|| = | LePn(z) — P ()]
S| LeAn — Apl| - [[ M Py ®pa ()|
< |[[LcAn — Anlllz]]-
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Warmup: translation invariance
Representation
(I)n(l') é AnMnPnAn_lM _1P -1 A1M1P1A0:L'.

How to achieve translation invariance?
e Translation: L.x(u) = z(u — ¢).
e Equivariance - all operators commute with L.: OL. = L ..
[Pn(Lew) = Pr(@)]| = [|LePn(z) — Pn()]|
< [[LeAn — Anl| - [ Mn P ®p (@) |
< | LeAn — Anll|z]]-

e Mallat [2012]: ||L; A, — Ayl < %HTHOO (operator norm).
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Warmup: translation invariance

Representation
(I)n(l') é AnMnPnAn_lM _1P -1 A1M1P1A0:L'.

How to achieve translation invariance?
e Translation: L.x(u) = z(u — ¢).

e Equivariance - all operators commute with L.: OL. = L ..

[®n(Lex) — Pp(z)|| = | LePn(z) — P ()]
S| LeAn — Apl| - [[ M Py ®pa ()|
< |[[LcAn — Anlllz]]-

e Mallat [2012]: || L.A, — Ayl < %c (operator norm).

@ Scale o, of the last layer controls translation invariance.
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Stability to deformations

Representation

D, (2) £ ApyMyPyAp 1My Poy -+ Ay My P Agz.

How to achieve stability to deformations?
@ Patch extraction P; and pooling A; do not commute with L.!
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Stability to deformations

Representation

D, (2) £ ApyMyPyAp 1My Poy -+ Ay My P Agz.

How to achieve stability to deformations?
@ Patch extraction P; and pooling A; do not commute with L.!
o ||AxL; — L Ag|| < C1]|VT||x [from Mallat, 2012].
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Stability to deformations
Representation
D, (2) £ ApyMyPyAp 1My Poy -+ Ay My P Agz.

How to achieve stability to deformations?
@ Patch extraction P; and pooling A; do not commute with L.!
o |[Ak, L]|| < Ci||VT|leo [from Mallat, 2012].
e But: [Py, L,| is unstable at high frequencies!

Julien Mairal From kernel methods to deep learning 65/107



Stability to deformations

Representation

D, (2) £ ApyMyPyAp 1My Poy -+ Ay My P Agz.

How to achieve stability to deformations?
@ Patch extraction P; and pooling A; do not commute with L.!
o |[Ak, L]|| < Ci||VT|leo [from Mallat, 2012].
e But: [Py, L,| is unstable at high frequencies!
o Adapt to current layer resolution, patch size controlled by oj_;:

1[PeAk-1, L] < Crl| VTl sup |u| < Kok
u€ESk
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Stability to deformations

Representation

D, (2) £ ApyMyPyAp 1My Poy -+ Ay My P Agz.

How to achieve stability to deformations?
@ Patch extraction P; and pooling A; do not commute with L.!
o |[Ak, L]|| < Ci||VT|leo [from Mallat, 2012].
e But: [Py, L,| is unstable at high frequencies!
o Adapt to current layer resolution, patch size controlled by oj_;:

NPt L)l < CrallVrlloe  sup [u] < kopy
u€ESk
e (1, grows as k%1 = more stable with small patches
(e.g., 3x3, VGG et al.).

Julien Mairal From kernel methods to deep learning 65/107



Stability to deformations

Theorem (Stability of CKN [Bietti and Mairal, 2019a])
Let @, (z) = ®(Apx) and assume ||V Tl < 1/2,

[a(Lr2) @)l < (Co (14 D IV7 + 7l ) e

n

@ Translation invariance: large o,
o Stability: small patch sizes (3 ~ patch size, C3 = O(3?) for images)

@ Signal preservation: subsampling factor = patch size

— need several layers with small patches n = O(log(o,/00)/log )
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Stability to deformations

Theorem (Stability of CKN [Bietti and Mairal, 2019a))
Let @, (z) = ®(Apx) and assume ||V Tl < 1/2,

C
[a(Lr2) @)l < (Co (14 D IV7 + 7l ) e
@ Translation invariance: large o,
o Stability: small patch sizes (3 ~ patch size, C3 = O(3?) for images)
@ Signal preservation: subsampling factor = patch size

— need several layers with small patches n = O(log(o,/00)/log )

@ Achieved by controlling norm of commutator [L., P, Ax]

o Extend result by Mallat [2012] for controlling ||[L, A]||
o Need patches Sj adapted to resolution oi_1: diam Sy < Bog_1
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Beyond the translation group

Can we achieve invariance to other groups?
e Group action: Lyz(u) = z(g ' u) (e.g., rotations, reflections).

@ Feature maps z(u) defined on u € G (G: locally compact group).
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Beyond the translation group

Can we achieve invariance to other groups?

e Group action: Lyz(u) = z(g ' u) (e.g., rotations, reflections).

@ Feature maps z(u) defined on u € G (G: locally compact group).

Recipe: Equivariant inner layers + global pooling in last layer
e Patch extraction:
Pz(u) = (z(uv))yes.
o Non-linear mapping: equivariant because pointwise!

e Pooling (u: left-invariant Haar measure):

Ax(u):/Gx(uv)h(v)d,u(v):/a:(v)h(u1v)d,u(v).

G
related work [Sifre and Mallat, 2013, Cohen and Welling, 2016, Raj et al., 2016]...
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Stability to deformations for convolutional NTK

Theorem (Stability of NTK [Bietti and Mairal, 2019b])
Let @, () = ®NTE(Agx), and assume || V7|0 < 1/2

[0(Lr) — (2]
C
< (Con T + oV + Vi F T el ) e,

Comparison with random feature CKN on deformed MNIST digits:
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Stability to deformations for convolutional NTK

Theorem (Stability of NTK [Bietti and Mairal, 2019b])
Let @, () = ®NTE(Agx), and assume || V7|0 < 1/2

[0(Le) — @0 (2]
< (Con T + oV + Vi F T el ) e,

Comparison with random feature CKN on deformed MNIST digits:

[} [}
o o
S | —— deformations §03- ~TmTmomoomomo s
4 —— deformations + translation 2
5 027 —mmmmem same label 5 mmmmmmmmmmmm e
o —— all labels v 0.2-
2 2
=} =}
© 0.1 ©
o] / o 0.1- //’
bt bt
c / c //
g 0.0, : ; ; g 0.0, : : :
S 0 1 2 3 € 0 1 2 3
deformation size deformation size
a) CKN b) NTK
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Discretization and signal preservation: example in 1D

o Discrete signal 2y in £2(Z,H},) vs continuous ones 3, in L?(R, Hy).

@ Zj: subsampling factor s; after pooling with scale o ~ sp:

j:k[n] = AkMkPk:i’k_l [nsk] .

Julien Mairal From kernel methods to deep learning
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Discretization and signal preservation: example in 1D

o Discrete signal @, in £2(Z,H,},) vs continuous ones x, in L?(R, Hy,).
@ Zj: subsampling factor s; after pooling with scale o ~ sp:

j:k[n] = AkMkPk:i’k_l [nsk] .

o Claim: We can recover Zj_1 from Z; if factor s;, < patch size.
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Discretization and signal preservation: example in 1D

o Discrete signal @, in £2(Z,H,},) vs continuous ones x, in L?(R, Hy,).
@ Zj: subsampling factor s; after pooling with scale o ~ sp:

j:k[n] = AkMkPk(i’k_l [nsk] .

o Claim: We can recover Zj_1 from Z; if factor s;, < patch size.

@ How? Recover patches with linear functions (contained in Hy,)
(fus My Pyg_1(u)) = fu(Per—1(u)) = (w, Ppop_1(u)),
and

Pk.fk_l(u) = Z <fw’ Mkpkjk—l(u»w'
weB
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Discretization and signal preservation: example in 1D

o Discrete signal @, in £2(Z,H,},) vs continuous ones x, in L?(R, Hy,).
@ Zj: subsampling factor s; after pooling with scale o ~ sp:

j:k[n] = AkMkPk(i’k_l [nsk] .

o Claim: We can recover Zj_1 from Z; if factor s;, < patch size.

@ How? Recover patches with linear functions (contained in Hy,)
(fus My Pyg_1(u)) = fu(Per—1(u)) = (w, Ppop_1(u)),

and

Pk.fk_l(u) = Z <fw’ Mkpkjk—l(u»w'
weB

Warning: no claim that recovery is practical and/or stable.
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Discretization and signal preservation: example in 1D

Tp—1 | |
deconvolution
ApTr—1 | |
recovery with linear measurements
| ] ] |

downsampling

/
linear pooling -+
>

S
. \

My Py | |

dot-product kernel

O I |

Pyy—1(u) € Py

T
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RKHS of patch kernels K,

Kie, ) = [ (50 ) ) =St
7=0

What does the RKHS contain?

Homogeneous version of [Zhang et al., 2016, 2017]
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RKHS of patch kernels K,

Kie, ) = [ (50 ) ) =St
7=0

What does the RKHS contain?

@ RKHS contains homogeneous functions:

[z lzllo((g, 2)/112])-

Homogeneous version of [Zhang et al., 2016, 2017]
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RKHS of patch kernels K,

Kie, ) = [ (50 ) ) =St
7=0

What does the RKHS contain?
@ RKHS contains homogeneous functions:
[z lzllo((g, 2)/1121))-
o Smooth activations: o(u) = > 72 aju’ with a; > 0.

a2
o Norm: ||f[[3, < C2(llgll*) = 32720 52 lgl” < oo.

Homogeneous version of [Zhang et al., 2016, 2017]
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RKHS of patch kernels K,

Examples:

e o(u) = u (linear): C2(\?) = O(A\?).
e o(u) = uP (polynomial): C2(\2) = O(\?).
e o =~ sin, sigmoid, smooth ReLU: C2()\?) = O(e™).

2.0
1.5
X 1.0
0.5 1

0.01

f:xe o(x)

— RelU
—— sRelU

-20 -15 -1.0 -05 00 05 1.0 15 20

Julien Mairal
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Constructing a CNN in the RKHS Hy

Some CNNs live in the RKHS: “linearization” principle
f(l‘) = Uk(WkUk—l(Wk—l e O‘Q(WQO‘l(Wlx)) .. )) = <f, (I)(.CC»'H
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Constructing a CNN in the RKHS Hy

Some CNNs live in the RKHS: “linearization” principle
f(@) = 0k (Wiop1 (Wit ... 02(Wao1(Whz)) ...)) = (f, ®(z))n-

Consider a CNN with filters W7 (u),u € Sj.
e k: layer;
o ¢: index of filter;
e j: index of input channel.

“Smooth homogeneous” activations o.

The CNN can be constructed hierarchically in Hy.

Norm (linear layers):
1 ll* < IWaiall3 - IWall3 - [Wantl3 - . W3-

@ Linear layers: product of spectral norms.
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Link with generalization

Direct application of classical generalization bounds

@ Simple bound on Rademacher complexity for linear/kernel methods:

Fp = {f € He, | fll < B} = Rady(Fp) <O <5§> .
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Link with generalization

Direct application of classical generalization bounds

@ Simple bound on Rademacher complexity for linear/kernel methods:

Fp = {f € He, | fll < B} = Rady(Fp) <O (5%) .

e Leads to margin bound O(||fx||R/¥VN) for a learned CNN fy with margin
(confidence) v > 0.

@ Related to recent generalization bounds for neural networks based on product of
spectral norms [e.g., Bartlett et al., 2017, Neyshabur et al., 2018].

[see, e.g., Boucheron et al., 2005, Shalev-Shwartz and Ben-David, 2014]...
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Deep convolutional representations: conclusions

Study of generic properties of signal representation
o Deformation stability with small patches, adapted to resolution.
@ Signal preservation when subsampling < patch size.

@ Group invariance by changing patch extraction and pooling.
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Deep convolutional representations: conclusions

Study of generic properties of signal representation
o Deformation stability with small patches, adapted to resolution.
@ Signal preservation when subsampling < patch size.

@ Group invariance by changing patch extraction and pooling.

Applies to learned models
@ Same quantity || f|| controls stability and generalization.

@ “higher capacity” is needed to discriminate small deformations.
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Deep convolutional representations: conclusions

Study of generic properties of signal representation
o Deformation stability with small patches, adapted to resolution.
@ Signal preservation when subsampling < patch size.

@ Group invariance by changing patch extraction and pooling.

Applies to learned models
@ Same quantity || f|| controls stability and generalization.

@ “higher capacity” is needed to discriminate small deformations.

Questions:
o Better regularization?
@ How does SGD control capacity in CNNs?
@ What about networks with no pooling layers? ResNet?
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Robust Deep Learning Models with Kernels

o A. Bietti, G. Mialon, D. Chen, and J. Mairal. A Kernel Perspective for Regularizing
Deep Neural Networks. International Conference on Machine Learning (ICML). 2019.
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Convolutional Neural Networks

Picture from LeCun et al. [1998]

C3 1, maps 16@10x10
INEUT ac(nggaé%re maps S4: 1. maps 16@5:5
Gax32

|
| Full connectian Gaussian connections

Canvalutions Subsampling Convelutions  Subsampling Full connecticn

What are the main features of CNNs?
@ they capture compositional and multiscale structures in images;
@ they provide some invariance;

o they model the local stationarity of images at several scales;
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Convolutional Neural Networks

[Simonyan and Zisserman, 2014]

224x224x3

o

]

112x112x128

56x56x256

28x28x512

What are the main features of CNNs?
@ they capture compositional and multiscale structures in images;

@ they provide some invariance;

14x14x512 TxTx512
1x1x4096 1x1x4096 1x1x1000 1x1x1000

o they model the local stationarity of images at several scales;

Julien Mairal

From kernel methods to deep learning

77/107



Convolutional neural networks for biological sequences

Current batch Motif scans Features fb

of inputs
CTAAGCACCGTCT %
TTAGGGGCACCAGTACT .
TAGCACCTCTATTGCACCC m w Neural network

CTCGGGGCCCTGCAT)
TACAAATGAGCACAA

Motif .
detectors Ll Thresholds Weights

Current model 3 k! g
parameters | L :

Figure: two-layer CNN architecture from Alipanahi et al. [2015]

@ Sequences are represented by one-hot encoding (A=(1,0,0,0),C=(0,1,0,0),...).

@ Single convolution layer followed by linear classifier.

78/107
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Adversarial examples, Picture from Kurakin et al. [2016]

(a) Image from dataset (b) Clean image (c) Adv. image, e = 4 (d) Adv. image, e = 8

Figure: Adversarial examples are generated by computer; then printed on paper; a new picture taken
on a smartphone fools the classifier.
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Adversarial Examples

clean + noise — “ostrich” [Szegedy et al., 2013].
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Adversarial Examples
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Adversarial Examples

adversarial
perturbation

88% tabby cat 99% guacamole

https://github.com/anishathalye/obfuscated-gradients
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Convolutional Neural Networks

L(ys, f(x;) AQ
;%gﬁnZy )+ 200)

regularization

empirical risk, data fit

The issue of regularization
@ today, heuristics are used (DropOut, weight decay, early stopping)...
@ ...but they are not sufficient.

@ how to control variations of prediction functions?

|f(x) — f(2')| should be close if z and 2’ are “similar”.

@ what does it mean for x and z’ to be “similar’?

@ what should be a good regularization function 7
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A kernel perspective: regularization

Assume we have an RKHS # for deep networks:

A
mmfZL Vi, f fL’z §||f||3-z

I|.|l3 encourages smoothness and stability w.r.t. the geometry induced by the kernel (which
depends itself on the choice of architecture).
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A kernel perspective: regularization

Assume we have an RKHS # for deep networks:
mm—ZL o fla)) + 111
17 Z 2 JNH-

I|.|l3 encourages smoothness and stability w.r.t. the geometry induced by the kernel (which
depends itself on the choice of architecture).

Problem
Multilayer kernels developed for deep networks are typically intractable.

One solution [Mairal, 2016a]

do kernel approximations at each layer, which leads to non-standard CNNs called
convolutional kernel networks (CKNs).
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A kernel perspective: regularization

Assume we have an RKHS # for deep networks:
mm—ZL o fla)) + 111
17 Z 2 JNH-

I|.|l3 encourages smoothness and stability w.r.t. the geometry induced by the kernel (which
depends itself on the choice of architecture).

Problem
Multilayer kernels developed for deep networks are typically intractable.

One solution [Mairal, 2016a]
do kernel approximations at each layer, which leads to non-standard CNNs called

convolutional kernel networks (CKNs).
not the subject of this part.
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A kernel perspective: regularization

Consider a classical CNN parametrized by 6, which live in the RKHS:

)\
~ST I 1 foll2,.
min — Z (i, fo(zi)) +3 1foll%

This is different than CKNs since fy admits a classical parametrization.
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A kernel perspective: regularization

Consider a classical CNN parametrized by 6, which live in the RKHS:

A
mln—ZL yz,fe xz 5”7(9”%-[

OERP N

This is different than CKNs since fy admits a classical parametrization.

Problem
|| fall% is intractable...

One solution [Bietti et al., 2019]

use approximations (lower- and upper-bounds), based on mathematical properties of |.||%.
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A kernel perspective: regularization

Consider a classical CNN parametrized by 6, which live in the RKHS:

A
mln—ZL yz,fe xz 5”7(9”%-[

OERP N

This is different than CKNs since fy admits a classical parametrization.

Problem
|| fall% is intractable...

One solution [Bietti et al., 2019]

use approximations (lower- and upper-bounds), based on mathematical properties of |.||%.

This is the subject of this part.
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A kernel perspective: regularization

Another point of view: consider a classical CNN parametrized by €, which live in the RKHS:

Ale2
gg]leﬁZL vis fo(xi)) + 5 [ foll3-
Upper-bounds

Il folln < w(IWgll, [Wi=tl,-- ., [[W1l]]) (spectral norms) ,

where the W;'s are the convolution filters. The bound suggests controlling the spectral norm
of the filters.

[Cisse et al., 2017, Miyato et al., 2018, Bartlett et al., 2017]...
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A kernel perspective: regularization

Another point of view: consider a classical CNN parametrized by €, which live in the RKHS:

A
mln—ZL yz,fe xz 5”7(9”%-[

OERP N

Lower-bounds

Ifllx= sup (f,u)y = sup(fiu)n for U C By(l).
flulln<1 uelU

We design a set U that leads to a tractable approximation, but it requires some knowledge
about the properties of H, ®.
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A kernel perspective: regularization

Adversarial penalty
We know that ® is non-expansive and f(z) = (f, ®(x)). Then,

U={®(x+0)— ) :zed,|d]s<1}

leads to

MAIE = sup  flz+8)— f(x).

TEX,||6]|2<A

The resulting strategy is related to adversarial regularization (but it is decoupled from the
loss term and does not use labels).

mmfZL (i fow) +  sup folw+0) — fola).

OcR? 1L w€X7||5H2§)\

[Madry et al., 2018]
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A kernel perspective: regularization

Adversarial penalty
We know that ® is non-expansive and f(z) = (f, ®(x)). Then,

U={®(x+0)— ) :zed,|d]s<1}

leads to
MAF= sup  flz+06) - f(a)
TEX,||6]|2<A
The resulting strategy is related to adversarial regularization (but it is decoupled from the
loss term and does not use labels).
vs, for adversarial regularization,

min — sup L(yi, fo(x; +9
GEMZHJ”N (v folas + 0)).

[Madry et al., 2018]
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A kernel perspective: regularization

Gradient penalties
We know that @ is non-expansive and f(z) = (f, ®(x)). Then,

U={0(z+06)—d):zecX,|6 <1}

leads to
V£l = sup [V f(x)]|2.
reX

Related penalties have been used to stabilize the training of GANs and gradients of the loss
function have been used to improve robustness.

[Gulrajani et al., 2017, Roth et al., 2017, 2018, Drucker and Le Cun, 1991, Lyu et al., 2015, Simon-Gabriel
et al., 2018]
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A kernel perspective: regularization

Adversarial deformation penalties
We know that @ is stable to deformations and f(x) = (f, ®(z)). Then,
U={®(L;x) —P(x):x € X, 7}
leads to
1712 = sup f(Lrz) = f().

rzeX .
7 small deformation

This is related to data augmentation and tangent propagation.

[Engstrom et al., 2017, Simard et al., 1998]
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Experiments with Few labeled Samples

Table: Accuracies on CIFAR10 with 1000 examples for standard architectures VGG-11 and

ResNet-18. With / without data augmentation.

[ Method [ 1k VGG-11 | 1k ResNet-18 |
No weight decay 50.70 / 43.75 | 45.23 / 37.12
Weight decay 51.32 / 43.95 | 44.85 /37.09
SN projection 54.14 / 46.70 | 47.12 / 37.28
PGD-(, 51.25 / 44.40 | 45.80 / 41.87
grad-£o 55.19 / 43.88 | 49.30 / 44.65
/1% penalty 5141 / 45.07 | 48.73 / 43.72
IV £]? penalty 54.80 / 46.37 | 48.99 / 44.97
PGD-¢3 + SN proj | 54.19 / 46.66 | 47.47 / 41.25
grad-f2 + SN proj | 55.32 / 46.88 | 48.73 / 42.78
Il fl? + SN proj 54.02 / 46.72 | 48.12 / 43.56
IV£]|> + SN proj | 55.24 / 46.80 | 49.06 / 44.92
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Experiments with Few labeled Samples

Table: Accuracies with 300 or 1000 examples from MNIST, using deformations. () indicates that
random deformations were included as training examples,

[ Method [ 300 VGG [ 1k VGG |
Weight decay 89.32 94.08
SN projection 90.69 95.01
grad-fs 93.63 96.67
[ £115 penalty 94.17 96.99
[V f|I* penalty 94.08 96.82
Weight decay () 92.41 95.64
grad-£o (*) 95.05 97.48
D+ fII” penalty 94.18 96.98
[ £1IZ penalty 94.42 97.13
IF12 + IV FII? 94.75 97.40
I£12 + 11£1I2 9523 | 97.66
IF1Z2 + F115 (%) 95.53 97.56
I£12 + |I£1I? + SN proj 95.20 97.60
I £112 + [ £]|? + SN proj (*) | 95.40 97.77
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Experiments with Few labeled Samples

Table: AUROCS0 for protein homology detection tasks using CNN, with or without data

augmentation (DA).

| Method | NoDA[ DA |
No weight decay 0.446 | 0.500
Weight decay 0.501 | 0.546
SN proj 0.591 | 0.632
PGD-4; 0.575 | 0.595
grad-£o 0.540 | 0.552
7112 0.600 | 0.608
VI 0.585 | 0.611
PGD-¢; + SN proj | 0.596 | 0.627
grad-fo + SN proj | 0.592 | 0.624
|l f1I2 + SN proj 0.630 | 0.644
IV£II? + SN proj | 0.603 | 0.625
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Experiments with Few labeled Samples

Table: AUROCS0 for protein homology detection tasks using CNN, with or without data

augmentation (DA).

Note: statistical tests have been conducted for all of these experiments (see paper).
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Adversarial Robustness: Trade-offs

L3, Etest = 0.1 L3, €test =1.0
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Figure: Robustness trade-off curves of different regularization methods for VGG11 on CIFAR10. Each
plot shows test accuracy vs adversarial test accuracy Different points on a curve correspond to
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Conclusions from this work on regularization

What the kernel perspective brings us
@ gives a unified perspective on many regularization principles.
o useful both for generalization and robustness.

o related to robust optimization.

Future work
@ regularization based on kernel approximations.
@ semi-supervised learning to exploit unlabeled data.

@ relation with implicit regularization.
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