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Lagrangian mechanics

o Let Q be a smooth configuration manifold and L € CY(TQ;R).
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o Let Q be a smooth configuration manifold and L € CY(TQ;R).
o Define the action functional S : (g1, 92) — R by

b
5(q) = / L, ) dt,

where Q(q1,92) = {q € C%([a,0];Q) : qa = q1 and gy = g} .
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Lagrangian mechanics

o Let Q be a smooth configuration manifold and L € CY(TQ;R).
o Define the action functional S : (g1, 92) — R by

b
5(q) = / L, ) dt,

where Q(q1,92) = {q € C%([a,0];Q) : qa = q1 and gy = g} .
o Wesay g € Q(q1, q2) is a critical point of the action functional if for all
"variations’ of g, that is, 6q = [c.]; € T;Q(q1, 92),

d

d€|e:05(ce) =dS(q)-6q =0.

In a local trivilialization chart of TQ,

ce(t) = g +€6q;, with 6g € C*([a,b];Q), 6g,=06q, =0.
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Hamilton’s principle

A curve q is a critical point of S iff in a local trivialization chart of TQ

dfoL, .]_ oL .

These equations are called the Euler-Lagrange equations. They are a system

. JL . . .
of second-order ODEs if EHER has non-vanishing determinant.
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Hamilton’s principle

A curve q is a critical point of S iff in a local trivialization chart of TQ
d|JL . JL , .
ar [a—qi(q,q)} = 8—[1i(q,q)-

These equations are called the Euler-Lagrange equations. They are a system

. JL . . .
of second-order ODEs if EHER has non-vanishing determinant.

Proof.

Integrating by parts and using that 6g, = 06q, = 0, we find
b
oL ., JL ~..d_;
ds - oq _/u (a—qi(q,q)éq + aq_l.(q,q)cuéq ) dt
b
L . d|JdL,6 . ;
= [ G- G [Ggto )

|
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Newtonian and Hamiltonian systems

o A Newtonian potential system of N point masses in R? is equivalent
to the Euler-Lagrange equations with Q = R™N, TQ = R*N, and

N
. 1 .
IEREDY 314l = V(@)
n=1

Indeed,

d JL

L )4
aw(‘b‘])—gfqn(qf‘l) & muu(t) =

aqn

(qr)
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Newtonian and Hamiltonian systems

o A Newtonian potential system of N point masses in R? is equivalent
to the Euler-Lagrange equations with Q = R™N, TQ = R*N, and

N
. 1 .
IEREDY 314l = V(@)
n=1

Indeed,

d JL JdL . . _
dt 99 (@9 = I s—(@q & mgalt)=-

o One passes to Hamiltonian dynamics via the Legendre
transformation to get

T P
where

Hip @) =sup(p-4-Lia.4) = Z s ol + Vi@,
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Geodesic equation

o Let (M, g) be a Riemannian manifold with volume form .
o Define S : Q(q1,92) — Ry by

b b
S =£@) = [ Laoat =3 [ g @it
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Geodesic equation

o Let (M, g) be a Riemannian manifold with volume form .
o Define S : Q(q1,92) — Ry by

b b
. 1 .
S(q) = E(q) = / L(g)dt = 5/ 8a:(qe, gr)dt.
o The Euler-Lagrange equation is the geodesic equation

d2qa rq dqb dqc _

az Thegrar =%

where I is the Christoffel symbol. Alternatively,
Vg =0,

where V is the Levi-Civita connection.
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Geodesic equation

o Let (M, g) be a Riemannian manifold with volume form .
o Define S : Q(q1,92) — Ry by

b b
S =£@) = [ Laoat =3 [ g @it

o The Euler-Lagrange equation is the geodesic equation

d2u datb dac
1,1 18T _y,
dt? be dt dt

where I is the Christoffel symbol. Alternatively,
Vg =0,

where V is the Levi-Civita connection.

o Geodesics are not always global minimizers of the energy functional,
but they are local minimizers.
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o Let G be a Lie group with identity e and Lie algebra g = T,G. For
example, (G = GL(d), g = Mat(d)) or (G = SO(d),g = so(d)).

6/731



o Let G be a Lie group with identity e and Lie algebra g = T,G. For
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o Assume that the Lagrangian is right-invariant under the group action:

L(g, &)=L, gg ) =1t(u), u=¢g'eas.
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Let G be a Lie group with identity e and Lie algebra g = T.G. For
example, (G = GL(d), g = Mat(d)) or (G = SO(d),g = so(d)).

Assume that the Lagrangian is right-invariant under the group action:

e}

e}

L(g, &)=L, gg ) =1t(u), u=¢g'eas.

o

Let g* be denote the dual of g and denote (:,-); : g X g* — R.

o

Assume that % : g — ¢ is a diffeomorphism, where

d ol
@iezoe(” +edu) = <E(u)/6u>g Y ou € g.
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Reducing variations to the Lie algebra

Let ¢ € Q(g1,2) and 0g = [c.]; € T502(g1, §2). Set

u=g¢gteCl(ablg), ow=0ogg!eCl(a,blo),

and d
oup = &lszoée(t)ce_l(t) € Cl([a, b;9).
If
d
e( )= — d - ce(t) (1)
then

ouy = (Swt = adut owy = 6wt T [ut, 6wt]

7/ 31



Euler-Poincaré reduction

For a curve g € Q(g1,$2) withu = g~ € C([a, b];g), TFAE

o

g satisfies the Euler-Lagrange equations;

e}

g is a critical point of S(g) = /ﬂb L(gt, &) dt;
u satisfies the Euler-Poincaré equations:

e}

dot . o0
aaﬁ-adua—o,

o

(g u A= %(u)) is a critical point of
b
(g, = [ €+ i gigi™ -
a

u is a critical point of S(u) = fub {(uy) dt with variations of the form
duy = dSw(t) —ad,, 6w(t).

e}
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[Arnold, 1966] topological hydrodynamics

o LetG = Diff;g be the group of Sobolev diffeomorphisms, s > d/2 +1,
on a Riemannian manifold (M, g) with volume form ..
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[Arnold, 1966] topological hydrodynamics

o LetG = Diff;g be the group of Sobolev diffeomorphisms, s > d/2 +1,
on a Riemannian manifold (M, g) with volume form ..

og=TG= %Sdiv is the space of divergence-free vector fields
[Ebin and Marsden, 1970, Theorem 4.2].
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[Arnold, 1966] topological hydrodynamics

o LetG = Diff;g be the group of Sobolev diffeomorphisms, s > d/2 +1,
on a Riemannian manifold (M, g) with volume form ..

og=TG= %Sdiv is the space of divergence-free vector fields
[Ebin and Marsden, 1970, Theorem 4.2].

o We endow Diffi,g with the right-invariant (weak /not-complete) metric

vy, = /M Snom (UL, V(m)g(m) = (U™, Vi ™y,

where the right-hand-side is the L2-inner product on vector fields

(11, 0) = /M G (), 0 () g ).
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[Arnold, 1966] topological hydrodynamics

o LetG = Diff;g be the group of Sobolev diffeomorphisms, s > d/2 +1,
on a Riemannian manifold (M, g) with volume form ..

og=TG= %Sdiv is the space of divergence-free vector fields
[Ebin and Marsden, 1970, Theorem 4.2].

o We endow Diffi,g with the right-invariant (weak /not-complete) metric

vy, = /M Snom (UL, V(m)g(m) = (U™, Vi ™y,

where the right-hand-side is the L2-inner product on vector fields

(11, 0) = /M G (), 0 () g ).

o [Ebin and Marsden, 1970] showed there exists a smooth Levi-Civita
connection V = PV (where P : X* — X3,,) and geodesic spray:

Euler-Lagrange =it Euler-Poincare

PVyn=0 S dru +Vyu = =Vp.
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Parametrization through Euler-Poincare [Holm, 2015]

o Assume a decomposition of the form

K
St =1 g + Z Ekgtif/
k=1

where u models coarse-scales and )’ &2k models fast-scales.
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Parametrization through Euler-Poincare [Holm, 2015]

o Assume a decomposition of the form

K
St =1 g + Z ékgtif/
k=1

where u models coarse-scales and )’ &2k models fast-scales.
o Require that (g, u, A = %(u)) is a critical point of

T K
(g0 = [t + Gugig -u- ) gz,
0 k=1

to derive an equation for u.
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Parametrization through Euler-Poincare [Holm, 2015]

o Assume a decomposition of the form

K
St =1 g + Z ékgtif/
k=1

where u models coarse-scales and )’ &2k models fast-scales.
o Require that (g, u, A = %(u)) is a critical point of

T K
(g0 = [t + Gugig -u- ) gz,
0 k=1

to derive an equation for u.
o Preserves geometric structure for momentum g—ﬁ
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Parametrization through Euler-Poincare [Holm, 2015]

o Assume a decomposition of the form

St =1 g + Z ékgtif/
k=1

where u models coarse-scales and )’ &2k models fast-scales.
o Require that (g, u, A = %(u)) is a critical point of

T K
(g0 = [t + Gugig -u- ) gz,
0 k=1

to derive an equation for u.

o Preserves geometric structure for momentum ge

o Equivalently, u satisfies the Euler-Poincaré equations:

dt[ ] d”_+2( gké)zt_o.
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Stochastic advection by Lie transport [Holm, 2015]

. _ . d _ d
Letting G = Diff} (T%), g = X3, (T*%), and
= [ ueoruc
Td
with zf = Bf, 1 < k < K, independent Brownian motions, we find
‘ K
du’ + ufaxfu’dt + Z (£f¢9xfuj + uj(?xiéf) ) dBf = —d,dp.

k=1
in the standard coordinate system with g;; = ;.
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Stochastic advection by Lie transport [Holm, 2015]

Letting G = Diff; (T?), g = ¥, (T%), and

= [ Pt

with zf = Bf, 1 < k < K, independent Brownian motions, we find

K
du’ + ufaxfu"dt + Z (£f¢9x,-uj + uj(?xiéf) o dBf = —dudp.
k=1
in the standard coordinate system with g;; = ;.

If we denote by u” the one-form associated with u, we find
du’ + £,u’dt + £:u” o dB; = —ddp,
and hence the vorticity two-form w = du" satisfies

do +£,wdt +£:0 0odB; = 0.
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Geometric rough paths

For a given a € (%, %], we say

Z = (2,2) € CH(R*) x C35(R™X)

is RX-valued a-Holder geometric rough path if there exists
t r
™ = (zEN),Zg;’) = / / dzi ® dziN)) € CH(RX) x C} 1 (RF¥K)
S S

. 1620 — 5243 Zy -2
such that lim sup — sup ———— =
N—eo gcsct<T |t _Sl 0<s<t<T |t _S|

We denote by %;/T (IRK) the space of geometric rough paths.

Examples include Stratonovich Brownian motion, fractional
Brownian motion, and Gaussian processes with sufficient
time-correlation decay on a set of full probabilty measure.
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Controlled rough paths and the rough integral

Definition

For a given Fréchet space E and Z € %g,T(IRK), we let @7 7(E)
denote the space of Y = (Y, Y”) € C#(E) x C‘T*(EK) such

p(6Yst = Y.6Zgt) = O(|t — 5|*),

for every seminorm p of E, endowed with the obvious topology.
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Controlled rough paths and the rough integral

Definition

For a given Fréchet space E and Z € %g,T(IRK), we let @7 7(E)
denote the space of Y = (Y, Y”) € C#(E) x C‘T*(EK) such

p(6Yst = Y.6Zgt) = O(|t — 5|*),

for every seminorm p of E, endowed with the obvious topology.

Theorem (Young/Sewing)

There exists a (unique) continuous linear map 1z : %Z,T(EK) — Dz 7(E)
such that 1z(Y) = (/0' YdZ,Y) where /00 YdZ = Og and

t
p (/ Y, dZ, - Y,0Zs —Y;zst) = O(|t —s[>%).
S
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Truly rough path

LetuscallapathZ e <‘Gng(IRK) truly rough if for all s € [0, T] and ¢
in a dense set

lim sup 162 =
s |i’—S|2a

Lemma

A decomposition of a path X € CL(E) of the form

t t
X = Xo +/ Bsds +/ 0sdZ;
0 0

is unique.

*
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Manifolds and the tensor bundles

o Let M be a compact boundaryless d-dimensional real manifold.
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o
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o

Let X denote the space of smooth vector fields
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o Let 9] denote the space of smooth r-contravariant and s-covariant
tensors.
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Manifolds and the tensor bundles

o

Let M be a compact boundaryless d-dimensional real manifold.

o

Let X denote the space of smooth vector fields

e}

Let QF denote the space of smooth alternating k-forms

o Let 9] denote the space of smooth r-contravariant and s-covariant
tensors.

o For a given ¢ € Diff and 7 € I/, let ¢*t denote the pullback and
¢.7 = (¢~1)*7 denote the pushforward.

15/ 31



Lie derivative

The Lie derivative of 7 € 9/ along 1 € Cr(¥X) is defined by

d . . .
5|r=t¢,t’f =£,7, where ¢ =u(Prs), Pss =id.
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Lie derivative

The Lie derivative of 7 € 9/ along 1 € Cr(¥X) is defined by

d . . .
a|r:t¢yt7 =£,7, where ¢ =u(Prs), Pss =id.

For f € Q% u,v € X, @ € Q!, and non-vanishing u € Q4
£Llf = df(”) = ”;&xifr £,0 = [u/ U] = (Mjaxivi - vf8x;ui)c9xf,

£ia =W, a;+ ocj&’xfuf)dxi, £yu = (div, u)p.
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Rough flow on M

There exists a continuous map

Flow : C#(¥) X Cf(X*) x B¢ 7(R¥) — CJ1(Diff)
such that n = Flow(u, &, Z) satisfies
o)

nl‘S = nt@ o 1795/ V(trs) € [0/ T]2/
o forall (s,m) € [0,T]x M, n.s(m) € C*([s, T]; M) is the unique solution of

dnis(m) = up(nes(m)) dt + & (es(m))dZy, Pss(m) =m € M;
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Rough flow on M

There exists a continuous map

Flow : C#(¥) X Cf(X*) x B¢ 7(R¥) — CJ1(Diff)
such that n = Flow(u, &, Z) satisfies
o)

nl‘S = nt@ o 1795/ V(trs) € [0/ T]2/
o forall (s,m) € [0,T]x M, n.s(m) € C*([s, T]; M) is the unique solution of

dnis(m) = up(nes(m)) dt + & (es(m))dZy, Pss(m) =m € M;

that is, for all smooth f : M — R,

t

t
o mufm) = fim)+ / ol f)ilr / sk, F(m)Z,.
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The Lie chain rule

Lemma

o Let peCr(9;)), 0=1(0,0)€ %z,T((GJSr)K), and

t t
T = Tp +/ Bs ds +/ osdZ;, te€][0,T].
0 0

Then

t

¢
MisTt = Ts +/ s (Br + £4,7r) dr +/ s (0r + £¢,7,) dZ,.
s 0
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The Lie chain rule

Lemma

o Let B € Cr(F)), 0 = (0,0") € Dz7r((F))X), and

t t
T = Tp +/ Bs ds +/ osdZ;, te€][0,T].
0 0

Then

¢ ¢
MisTt = Ts +/ s (Br + £4,7r) dr +/ s (0r + £¢,7,) dZ,.
s 0

o For a given 1o € I, T4 = 140.T satisfies

t t
T +/ £ Ts ds +/ £e,1s dZs = 1.
0 0

18 /31



Momentum and the coadjoint operator

o Recall that if G = Diff, then g = X. We want a canonical
characterization of g*, where ‘momentum’ 6¢/6u will lie.
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M
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Momentum and the coadjoint operator

o Recall that if G = Diff, then g = X. We want a canonical
characterization of g*, where ‘momentum’ 6¢/6u will lie.
o Let XV =Q'®Q%and (-, -)x : XV x ¥ = R be defined by

(a®pu,uyx = / a(u)u, a®ueX’, uek;
M
o Noting thatad, v = —[u,v] = —£,0, foralla ® u € XY and u € X, we
find
(@®u,ady v)x = (£, (@ ® u),v),

and hence the co-adjoint operator is

ad, = £,.

u

19/ 31



Momentum and the coadjoint operator

o Recall that if G = Diff, then g = X. We want a canonical
characterization of g*, where ‘momentum’ 6¢/6u will lie.
o Let XV =Q'®Q%and (-, -)x : XV x ¥ = R be defined by

(a®pu,uyx = / a(u)u, a®ueX’, uek;
M
o Noting thatad, v = —[u,v] = —£,0, foralla ® u € XY and u € X, we
find
<(X ® Ml adu U)?é = <£u(a ® M)/ U)/
and hence the co-adjoint operator is
ad;, = £,.

o In the incompressible setting on a Riemannian manifold (M, g), we
define the dual of the jio-divergence-free vector fields X, to be

Xy, =¥%/dQ% ® ug.
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Advected variables and the diamond operator

o Let A be a direct summand of tensors field bundles and A denote the
canonical dual. Denote the duality pairing by (-, -)a : A¥ XA — R.
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o Paths in A will model variables like temperature, density, or buoyancy.
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Advected variables and the diamond operator

o Let A be a direct summand of tensors field bundles and A denote the
canonical dual. Denote the duality pairing by (-, -)a : A¥ XA — R.

o Paths in A will model variables like temperature, density, or buoyancy.
o Define o : AY XA — XV by

b, Ea)qg=—(boa,u)y VaeW, beW, ueckX

20/ 31



The Lagrangian

o Letf: ¥x A — RR. Assume that 2 : X x % — ¥V and & : ¥ x A - A
are continuous:

; | olu+edu,a+eda)= (—(u a), éu)s¢+< (u a),0a)y

o Assume that %(-, a): X — XV is an isomorphism for all 2 € .

21 /131



The Lagrangian

o Letl: XxUA—R. Assumethat% X XA — XV and % XXA - AY
are continuous:

; | olu+edu,a+eda)= (—(u a),ou)x +< (u a),0a)y
o Assume that %(-, a): X — XV is an isomorphism for all 2 € .

o Density D = pug € A = Q7 is an advected variable. Let

1 1 1
tu,D) =3 /M pgu, g = 5 /Mpub(u)#g = §<ub ® piig, U)x-

Then

%=ub®pyg€%v,

v 0
50 2g(u u) € AW = Q.

o
6D
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Hamilton-Pontryagin (HP) variational principle

o Let Z € B,,7(RX) be truly rough and
Diffz = Flow(C4(X), C(XX), Z).0.
o A given ) = Flow(v, 0, Z) € Diffz satisfies
dne = ve(ne) dt + o4(ne)dZs, 1o =1id.

o For given A € @7 r(XY), define

T T T
/ (Ag, dnin; M)z 12/ (A, v8)x dt+/ (At 04)x dZ;.
0 0 0
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HP variational principle: functional and constraints

o Define the action functional S’z : Diff, XCHX) X D771(X¥Y) — R by

T
SHPZ(r], u,A) = / 0(uy, Npea)dt + </\t,dmm—1 —updt — EAZy)x.
0
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HP variational principle: functional and constraints

o Define the action functional SH7z : Diff; XCHX) X D771(X¥Y) — R by

SHPz(n,u, 1) = /0 ' 0(ug, neeao)dt + (Ag, dnent — updt — EAZy )y
o The Lagrange constraint imposes
dne = ue(ne)dt + E(n)dZ;
and hence by the Lie chain rule

dllt + £utatdt + Eéﬂltdzt =0.
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HP variational principle: functional and constraints

o Define the action functional SH7z : Diff; XCHX) X D771(X¥Y) — R by

SHPz(n,u, 1) = /0 ' 0(ug, neeao)dt + (Ag, dnent — updt — EAZy )y
o The Lagrange constraint imposes
dne = uy(ne)dt + &(ne)dZ;
and hence by the Lie chain rule
da; + £,,a;dt + £ca,dZ; = 0.

o The Clebsch variational principle, which I am not presenting, directly
imposes the advection relation. We can avoid the assumption of truly
roughness in this case due to the fundamental theorem of rough
calculus of variations.
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HP variational principle: variations

o For a given dw € C;"(.’E) with 6wy = dwr = 0, define
¢ :(-1,1) € [0,T] — Diff by

PE(m) = edw (Y (m)),  P§(m) =m.

and ny = ¢ on; and it can be shown that

dn; = (&ut + ady, 6wt) dt +ad,, ow,dZ;.
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HP variational principle: variations

o For a given dw € C;"(.’E) with 6wy = dwr = 0, define
¢ :(-1,1) € [0,T] — Diff by

Y5 (m) = edw, (Y5 (m)), g(m) = m.
and ny = ¢ on; and it can be shown that
dn = (&ut +ady, 6wt) dt + ady, 5w:dZ;.

o We take variations of u# and A of the form u, = u + €d6u and
Ae = A+ €0A with

(51/[0 = 6uT =0 and (3/\0 = (5/\]" =0.
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HP variational principle

Theorem ([Crisan et al., 2020b])

A curve (n,u, A) is a critical point of SH'Z iff for all [0, T,
dnt = us(ne)dt + &E(n)dZ;, t €(0,T], no =id,

4
m = 6—u(u,a) =4,

t t y t
mt+/ £u5msds+/ £5mstS'¥= m0+/ %(us,as)oasds,
0 0 0 0a

t t
A
at+/ £u5asds+/ frasdZs = ag, ay = Npao.
0 0
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A Kelvin circulation theorem

Recall that density D € Cf (Q9) is an advected variable:
dD +£,Ddt +£:,DdZ; =0 < Dy =nuDo.

o0 ot 1 d 1ok 1ot 1
Moreover, 5, 5= € Q" ® Q7 so that 557, 55, € Q" are one-forms.

Let T denote a compactly embedded one-dimensional smooth submanifold of
M. If Dy is non-vanishing, then

1 ot 1 ot
[ 2= [a L [ [ 3auaonds
Mt nsT
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Incompressible Euler

Define the Lagrangian ¢ : X, o X A — R by

1
bu,D = pug) = 5 /M pgu, u)ug.

Applying # to the momentum equation (i.e., %) we get

11 1
dutb +£u,utbdt +£gutbdZt 2 zdg(ut,ut)dt - p—dptdt - pldqtdZt,
t t

du’=0= divu,

0
d‘Ot + £u“0tdt + £5ptdZt % 0.
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Incompressible Euler

Define the Lagrangian ¢ : X, o X A — R by

tu,D = pg) = %/M pg(u, u)ug.
Applying ﬁ to the momentum equation (i.e., %) we get
dutb + Eu,utbdt + EgutbdZt 2 %dg(ut,ut)dt - %dptdt - %dqtdzt,
du’=0= divu,
dps + £, prdt + £cprdZ; < 0.

In the special case p = 1 (homogeneous fluid), we find

duy +£,,udt +£c0°dZ, S %dg(ut, u)dt — dpidt — dg;dz,.
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Solution properties of Euler’s equations

Theorem ([Crisan et al., 2020a])

Let m > d /2 + 1. For given {cfk}Ik(:1 € C(’I’i‘f3 and ugy € ng‘;zl there exists a

unique local maximal time T* = T (up, &, Z) and solution
(u,p) € Cr Wé’f"/z X C&W™=32 of the homogeneous rough Euler system.

Moreover, if T* < oo,
T
/ th|Lwdt = 400,
0

where w = du’ (v = curl u).
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Theorem ([Crisan et al., 2020a])

Let m > d /2 + 1. For given {cEk}Ik(:1 € C"3 and ug € ng‘;zl there exists a

div
unique local maximal time T* = T (up, &, Z) and solution
(u,p) € Cr Wgz"lz X C&W™=32 of the homogeneous rough Euler system.

Moreover, if T* < oo,
™
/ th|L°odt = 400,
0

where w = du’ (v = curl u).

Corollary

If d = 2, then for all p > 2, vorticity is conserved |w¢|rr = |wo|r and
hence T* = oo.
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Future outlook

o Numerical schemes for rough PDEs

29 /31



Future outlook

o Numerical schemes for rough PDEs

o Learn £ for Gaussian rough paths from direct numerical simulation

29 /31



Future outlook

o Numerical schemes for rough PDEs
o Learn £ for Gaussian rough paths from direct numerical simulation

o Filtering and data assimilation with rough paths

29 /31



Future outlook

o

Numerical schemes for rough PDEs

o

Learn & for Gaussian rough paths from direct numerical simulation

e}

Filtering and data assimilation with rough paths

e}

Explore usage of computational rough paths, possibly GAN to
determine Z

29 /31



Future outlook

o

Numerical schemes for rough PDEs

o

Learn & for Gaussian rough paths from direct numerical simulation

e}

Filtering and data assimilation with rough paths

e}

Explore usage of computational rough paths, possibly GAN to
determine Z

e}

Add data directly to varitiational principle
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